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Stabilizing Motion Relative to an Unstable Orbit:
Applications to Spacecraft Formation Flight
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A control law is derived and analyzed that stabilizes a class of unstable periodic orbits in the Hill restricted three-
body problem. The control law is derived by stabilizing the short-time dynamics of motion about a trajectory by
the use of a feedback law speci� ed by the instantaneous eigenvalue and eigenvector structure of the trajectory.
This law naturally generalizes to a continuous control law along an orbit. By applying the control to an unstable
periodic orbit, we can explicitly compute the stability of the control over long periods of time by computing the
monodromy matrix of the periodic orbit with its neighborhood modi� ed via the control law. For the case of an
unstable halo periodic orbit in the Hill restricted three-body problem, we � nd that the entire periodic orbit can
be stabilized. The resulting stable periodic orbits have three distinct oscillation modes in their center manifold.
We discuss how this control can be applied to formation � ight about a halo orbit. Some practical implementation
issues of the control are also considered. We show that the control acceleration can be provided by a low-thrust
engine and that the total fuel cost of the control can be quite reasonable.

I. Introduction

T HIS paper studies the stabilizationof an unstable periodic or-
bit in the Hill problem, which can serve as a general model

for motion in the Earth–sun system. Results of this study will be
relevant to the dynamics and control of a constellationof spacecraft
in an unstableorbital environmentsuch as found near the Earth–sun
libration points. It will also shed light on the practical control and
computation of a single spacecraft trajectory in an unstable orbital
environment over long time spans.

We investigate the application of feedback control laws to sta-
bilize a periodic orbit in the sense of Lyapunov (see Ref. 1) (note,
not asymptotic stability). Thus, the stabilized trajectory will con-
sist of oscillatory motions about the nominal trajectory, which in
this context can be interpreted as motions in the center manifold of
the stabilized periodic orbit. We show that an entire class of such
control laws can be de� ned and their stability analyzed as a time-
periodic linear system. The fuel expenditure for such control laws
is often quite small and scales with the mean distance between the
controlled motion and the nominal trajectory (which is a periodic
orbit in this application). The problem of spacecraft control in un-
stable orbits is not new. (See Refs. 2 and 3 for reviews.) However,
these previous studies have focused on stationkeepingcontrol for a
single spacecraft and have not considered how the relative motion
of a formation of spacecraft could be stabilized and their dynamics
modi� ed, which is what we consider here.

Proposed space observatoriesof the future include ambitious in-
terferometricimagers that use baselinesof hundredsor thousandsof
kilometers between spacecraft to attain suf� ciently high resolutions
to image planets around distant stars. To carry out these imaging
procedures requires that the relative motion between spacecraft be
known extremely accurately and that the spacecraft “� ll in” an ef-
fective image � eld as they move relative to each other. A periodic
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halo orbit in the neighborhood of the Earth–sun L2 libration point
is an attractive region of space in which to � y such a formation of
spacecraft,due to their consistentsolar illuminationcharacteristics,
the lack of disturbingperturbations,and the relative ease of sending
and retrieving spacecraft from this region. Speci� cally, it may be
attractive to � y spacecraft formations about halo orbits in this re-
gion, � ying the formation in the center manifold of a halo orbit, as
was previously suggestedby Barden and Howell.4 From a practical
standpoint,however, the use of the center manifold of a natural halo
orbit for constellation � ight has two main drawbacks: The center
manifold is itself unstable (because perturbations from the center
manifold fall under the in� uence of the unstable manifold), and the
rotation frequency of the center manifold is long, on the order of
the halo orbit period (»6 months). Additionally, the “osculating
plane” of the center manifold motion has a stringentorientationthat
cannot be modi� ed. The current state of the art for computing and
controlling spacecraft in the vicinity of a halo orbit can be found
in Refs. 3–5. From these analyses, we see that extremely precise
computations (numerical or analytical) are required to maintain an
orbit in the center manifold of an unstable halo orbit because small
deviations from the center manifold quickly cause the trajectory to
diverge along the unstable manifold of the halo orbit.

In this paper, we propose an approach in the same spirit as the
Barden and Howell4 work, but that addresses this problem from a
different direction,casting the problem as a trajectory control prob-
lem from the start. Using this methodology, we change our focus
from the computationof center manifold orbits to devisinga simple
control law that stabilizes the unstable periodic orbits and creates
additional center manifolds within which a formation of spacecraft
(or a single spacecraft)could be � own. Initiallyneglectingthe issue
of long-term stability, we � rst focus on stabilizing motion about an
unstableorbit over short time spans. Technically,we wish to choose
a control law that will establish Lyapunov stability of the relative
motion. Having de� ned a control law that stabilizes relative motion
over short time spans, we then generalize it to a control law over
arbitrary time periods and apply it to an unstable halo orbit. We
� nd that our approachyields a completely stable periodicorbit. The
characteristics of the center manifolds of these stabilized periodic
orbits can be changedby simply adjusting a single parameter in our
control, yielding oscillation frequencies that can have an arbitrarily
short period. Moreover, we show that the control law works in non-
linear situations as well and appears to be quite robust. Finally, we
comment on the level of control accelerationneeded and other prac-
tical issues of implementation,showing that the proposed control is
quite reasonable.

Given the ability to stabilize a periodic orbit and choose the os-
cillation period of the resulting center manifolds, we can use such
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a motion for application to the formation � ight of spacecraft. In
our proposed application, the control law would be used to gener-
ate relative motion between spacecraft in the formation, essentially
causing them to wind around the periodic orbit, which we consider
to be the nominal or mean path of the formation. For implementing
this approach, a leader–follower system could be envisioned, with
the leader spacecraft � ying in the nominal periodic orbit and the
follower spacecraft determining their position and, hence, creating
a control law using relative measurements to the leader spacecraft.
The relative motion between the spacecraft as they wind around
the trajectory could then be used to cover an image plane and con-
struct interferometricimages of distant sources.Because the motion
resultingfrom thecurrentcontrollawconsistsof three (linearly)sep-
arate center manifolds,we have considerablefreedomto choose and
change the relativemotion throughoutthe orbit. Speci� cally, a vari-
ety of trajectoriescan be implemented by proper choice of the intial
conditions and the application of one or two impulsive maneuvers
can excite a different mode of the relative motion and change the
dynamics of the constellation. Note that the approach and analysis
of formation � ight we are consideringhere differs from much of the
previous work done in this area, which has focused on controlling
spacecraft formations to stringent position and velocity constraints
in a low-Earth-orbit (LEO) environment. In these other works, our
approach is in spirit closest to the work reported by DeCou6 and
Gómez et al.,7 where low-thrust propulsion is used to force a con-
� guration of spacecraft to follow prescribed paths that can be used
for interferometricimaging,and the work reportedby Schaubet al.,8

Alfriend and Schaub,9 and Koon et al.,10 where they use the natural
dynamics of the LEO environment to design formations that stay
in close vicinity of each other without the introduction of control
thrusts. In our application,we modify the local force structureusing
low-thrust engines to create a stable dynamic environment for the
relative motion of the spacecraft.

II. Model of Motion
For computing the nonlinear motion, we use the Hill form of

the three-bodyproblem, which can be considereda simpli� ed form
of the three-body problem applicable to the motion of a spacecraft
near theEarth and includingthemajorperturbationtermof the sun.11

The three-dimensionalmotion is governed by the equations
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where ! is the mean motion of the central, attracting body about
the perturbing body (assuming circular motion) and ¹ is the gravi-
tational attraction of the central body. In our situation, we choose ¹
to be that of Earth’s and ! to correspond to an orbital period of one
year. The x axis lies along the line from the perturbing body to the
central body (the sun–Earth line) and remains � xed in this rotating
frame. The y axis points along the direction of travel of the cen-
tral body about the perturbing body, and the z axis is normal to the
ecliptic. These equations are nonintegrable and exhibit a range of
solutions analogous to solutions of the restricted three-body prob-
lem in the vicinity of the secondary. Note that these equations can
be rescaled to removeall force parameterswith the introductionof a
scale length .¹=!2/1=3 and a scale time 1=!. In fact, this normalized
form is the usual form in which the Hill problemis presented.In this
paper, we retain dimensional values to stress the application to the
Earth–sun system. (See Ref. 12 for a derivationof the Hill problem
in the precedingform.) In the current work, we use the Hill problem
becauseof its ease of speci� cation, its applicabilityto motion in the
vicinity of the Earth and sun, and its ability to be scaled to any of
the planets and most of the planetary satellites. For applications to
the Earth–sun system, the relativeerror introducedby use of the Hill

approximation,as compared to the restricted three-bodyproblem, is
on the order of 1.5%, meaning that results between the two systems
usually differ by approximately this amount. This is also approx-
imately equal to the order of magnitude of terms neglected when
making the Hill approximation,or the mass of the Earth divided by
the mass of the sun, raised to the one-third power.

For our investigation, we consider a periodic orbit solution of
these equations: a halo orbit, to be more speci� c, which is a fully
three-dimensionalorbit centeredabout the librationpoints.Figure 1
shows this particular halo orbit projected into the main coordinate
planes. The initial conditions of this periodic orbit are chosen to be
similar to the Genesis halo orbit during its main mission phase.13

The period of this orbit is 178.9 days, and it is unstable with char-
acteristic exponents ¾ D §4:757 £ 10¡7/s (a characteristic time of
24.3 days). The orbit also has a center manifold with two stable
oscillation modes, one with a period equal to the periodic orbit (as
all periodic orbits in time invariant systems have) and the other
with a period slightly greater than one orbital period. This particu-
lar orbit was computed by numerical continuation from the family
of Lyapunov orbits about the L2 equilibrium point. The computa-
tion method we used is described in Ref. 14. Speci� cally, we � rst
converged on a Lyapunov orbit of small amplitude using the lin-
ear solution for an initial guess. This family was then numerically
continued by increasing the Jacobi constant in discrete increments
(solving for the new periodic orbit at each point) until the critical
bifurcation orbit was reached, where the halo orbits are born. The
out-of-plane halo orbit family was then computed by starting from
the criticalorbit and inducinga small out-of-planecomponent.Once
a member of the halo orbit was computed, this family was, in turn,
continued numerically by increasing the Jacobi constant in incre-
ments until a halo orbit with similar amplitude characteristicsto the
Genesis trajectorywas found.See the reviewby Howell15 for a more
complete description of the halo orbits.

III. Relative Motion
For the development of our approach, we consider two trajecto-

ries in the Hill problem, one that follows the halo periodic orbit and
a second trajectory in the vicinity of the orbit. For a leader–follower
system, the leader spacecraftwould be in the halo orbit,with the fol-
lower in its vicinity. The halo periodic orbit has a trajectory de� ned
as R.tI Ro , Vo/, R.t C T / D R.t/, where T is the period of motion.
Naturally, the velocity of the motion, V.tI Ro , Vo/, is also periodic
with period T . The follower spacecrafthas its own trajectoryde� ned
with position and velocity r.tI ro; vo/ and v.tI ro; vo/.

A. Linearized Dynamics
If the distance between the two solutions is relatively small, then

the relative trajectory can be approximated using linearized equa-
tionsofmotion.De� nex D [r; v], X D [R; V], and±x D x ¡ X, which
is assumed to be “small” relative to the state X. The dynamics of ±x
are
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where F.X/ is the dynamics function corresponding to Eqs. (1–3):
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a)

b)

c)

d)

Fig. 1 Unstable halo periodic orbit: a) projection into the x–y plane, containing the attracting center; b) detail of x–y projection; c) projection of the
halo orbit into the x–z plane; and d) projection of the halo orbit into the y–z plane.
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The solution for relative motion can then be expressed as

±x D 8.t; to/±xo (14)

8.t; to/ D @X.tI Xo/

@Xo
(15)

P8.t ; to/ D A.t/8.t; to/ (16)

8.to; to/ D I (17)

where 8 is the state transition matrix, computed about the periodic
orbit, and ±xo is the initial offset of the follower spacecraft from the
periodic orbit.

B. Long-Term Relative Motion
To analyze motion on the order of an orbit period or longer, it is

customary to write the state transition matrix as the product of two

matrices by application of Floquet’s theorem (see Ref. 16):

8.t; to/ D P.t ¡ to/ exp.t ¡ to/D (18)

where P is a periodicmatrix of period T and D is a constantmatrix
that has, as its eigenvalues, the characteristic exponents of the pe-
riodic orbit over one orbital period. As noted earlier in Sec. II, our
periodic halo orbit has one pair of hyperbolic characteristic expo-
nents and two circulation frequencies,one equal to the orbit period
and one slightly longer. Because of the presence of the unstable
manifold, uncontrolled relative motion will diverge from the vicin-
ity of the periodic orbit with a time constant of »23 days for our
example orbit.

To maintain a long-term trajectory in the neighborhoodof the pe-
riodic orbit, we must place it in the center manifold of the periodic
orbit, de� ned as the space of orbits that do not lie along the hyper-
bolic manifolds of the periodic orbit. A spacecraft in such an orbit
will naturally circulate about the periodic orbit in a quasi-periodic
orbit, its trajectory winding onto a torus that encloses the periodic
orbit in three-dimensional space.5 As discussed before, such a rel-
ative orbital con� guration is attractive because, depending on the
initial conditions given to the spacecraft, an ensemble of space-
craft distributed along such initial conditions may serve a useful
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purpose as a constellationof spacecraft.4 However, as mentioned in
the Introduction,the use of the natural center manifold is restrictive
because it, too, is an unstable orbit and because it has a � xed oscil-
lation frequency that is rather slow, with a period on the order of the
orbit period.

C. Short-Term Relative Motion
For practical considerations, we may instead concern ourselves

with the relative dynamics over a time much less than the orbital
period. Although, in principle, the description of relative motion
given in Eq. (18) holds true, it does not give us a direct indication
of relative motion over shorter time periods.

We can represent the state transition matrix of the periodic orbit
over one period as the product of mappings over much shorter time
intervals within the period of motion:

8.to C T; to/ D
NY

i D 1

8

µ
to C

T

N
i; to C

T

N
.i ¡ 1/

¶
(19)

where the mapping over a time interval1t D T=N is representedas
8.ti C 1t ; ti / and conforms to the equation

P8.ti C ±t ; ti / D A.ti C ±t/8.ti C ±t ; ti / (20)

0 · ±t · 1t ¿ T (21)

For 1t small enough,we can expand A.t/ in a Taylor series expan-
sion, yielding

A.ti C ±t/ D A.ti / C PA.ti /±t C ¢ ¢ ¢ (22)

For our problem, we � nd that the force partial matrix A.t/ does
not vary strongly over time, meaning that the time interval 1t can
be chosen small enough to ensure that kA.ti /k À k PA.ti /1tk. With
this restriction, we � nd that the state transition matrix differential
equation can be approximated over short time intervals as

P8.ti C ±t ; ti / D A.ti /8.ti C ±t; ti / C ¢ ¢ ¢ (23)

giving a time-invariant system at leading order. Thus, the solution
can be expressed as

8.ti C ±t; ti / » exp[A.ti /±t ] C ¢ ¢ ¢ (24)

8.ti C ±t; ti / » I C A.ti /±t C ¢ ¢ ¢ (25)

where, because the time interval is chosen to be small, we neglect
higher orders of the exponential expansion.

Fig. 2 Instantaneous characteristic exponents and frequencies of the periodic orbit over one period of motion.

The relative motion can then be characterizedover a short period
of time by the eigenvaluesand eigenvectorsof the exponentialmap,
de� ned from the equation

8u D ¸u (26)

or, equivalently,

.¸I ¡ 8/u D 0 (27)

where ¸ is the eigenvalue and u is the eigenvector. With Eq. (25),
this can be reduced to

f[.¸ ¡ 1/=±t ]I ¡ A.ti /gu D 0 (28)

For a time-invariant system, the eigenvalue of the state transition
matrix ¸ in Eq. (27) is equal to e° .±t/, where ° is the characteristic
exponent of the system. Thus, the eigenvalue of Eq. (28) can be
approximated as

° » lim
±t ! 0

¸ ¡ 1
±t

(29)

From this sequence of approximations,we see that the relative mo-
tion of the spacecraft over a short time span centered at time ti can
be understoodby analyzing the eigenvaluesand eigenvectorsof the
matrix A.ti /. Such an analysis resembles the analysis of an equilib-
rium point carried out at each time ti . The errors induced by such
an approximation are investigated in Ref. 17 and are shown to be
reasonable.

Given the base periodic orbit, the characteristic exponents and
frequencies of A.ti / can be computed at each point in time and are
shown in Fig. 2. We see that, for our orbit, the structureis consistent,
having a pair of hyperbolic roots and two pairs of oscillatory roots
at each point along the orbit. In AppendixA, we discuss the regions
in the Hill problem in which this structure exists and show that a
large region around the libration points, enclosing our halo orbit,
has this particular structure.

In deriving our control law, we will use these “short-term” dy-
namics to guide our thinking. It is a natural approach because one
precursor for a spacecraft to diverge from a periodic orbit over a
longer time span will be for it to diverge from the nominal trajec-
tory over a shorter time span. Thus, we can think of relative motion
along these “instantanous”unstable manifolds to be a precursor to
motion along the unstable manifold of the full orbit, as de� ned by
Floquet theory. Note that the full orbit may still be unstable even
if the instantaneous map is stable at each time step. We will see
examples of this later.
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IV. Stabilizing the Relative Motion
A control law is formulated that can stabilize the relativemotion.

We � rst derive the control by focusing on stabilizing the short-
term dynamics, as described earlier. We then show that this “local
stabilization”can also stabilize the long-term relative motion.

A. Local Stabilization
We propose a feedback control law that provides Lyapunov sta-

bility of our local, short time motion for a suf� ciently large gain
constant. To implement this control at a given time ti , we evaluate
the local eigenstructure of the matrix A.ti /, � nd the characteristic
exponents of the hyperbolic motion §¾ .ti /, and � nd the eigenvec-
tors that de� ne the stable and unstable manifolds of this motion
u§.ti /, where the plus denotes the unstable manifold and the minus
denotes the stable manifold. To control the motion, we project the
relative position vector (measured with respect to the periodic halo
orbit at time ti ) into the stable and unstablemanifolds,multiply by a
gain constant, and apply a control accelerationalong the stable and
unstable manifolds, respectively.Thus, the control acceleration that
we apply is

Tc D ¡¾ .ti /
2G

£
uC.ti /uC.ti /

T C u¡.ti /u¡.ti /
T
¤
±r (30)

where G is the gain parameter and ±r is the measured relative
position vector, that is, the offset between the periodic orbit and
the spacecraft at time ti . We note that the eigenvalues §¾ .t/ and
eigenvectorsu§.t/ are well-de� ned, periodic functionsof time with
period equal to the halo orbit period.

The linearized equations for relative motion are

±r00 ¡ 2!J ±r0 ¡ Vrr ±r D 0 (31)

where ! is the rotation rate of the coordinate frame and Vrr .ti /
is the second partial of the force potential [Eq. (4)] evaluated along
the periodic orbit, making it a time-periodic matrix as well. Thus,
the eigenvalues and eigenvectors that we use in our control scheme
are computed from

£
¾ 2 I ¨ 2!¾ J ¡ Vrr

¤
u§ D 0 (32)

Implementing the control acceleration of Eq. (30) into Eq. (31)
has the effect of modifying our potential force contributions to the
linear system,

±r00 ¡ 2!J±r0 ¡
©

Vrr ¡ ¾ 2G
£
uCuT

C C u¡uT
¡

¤ª
±r D 0 (33)

This control law maintains the Lagrangian structure of the problem
and provides local stability if the gain constant G is chosen suf-
� ciently large. In Appendix B, we show that this control law can
always stabilize a time-invariant, hyperbolic unstable two-degree-
of-freedom system and give a heuristic justi� cation for scaling our
gain constant by the characteristic exponent squared. Note that an
application of feedback control along the unstable manifold alone
does not always stabilize the relative motion. This is also discussed
in Appendix B.

The control law consists of a “reshaping”of the local force struc-
ture by proper application of thrusting. Because the magnitude of
these forces is rather small in the vicinity of our halo orbit, the
amount of acceleration needed to implement this control is also
relatively small and could be provided by a low-thrust propulsion
system in many cases.

B. Long-Term Stability
Equation (33) generalizes to relative motion over longer time

spans as well because the eigenvalues and eigenvectors of the dy-
namic system are well de� ned as functions of time and because the
structure of the local eigenvaluesand eigenvectors does not change
in the region around the halo orbit (see Appendix A). Thus, the
stabilityof the resultingcontrolledorbit can be analyzed using clas-
sical techniques that have been developed for periodic orbits (c.f.
Ref. 18).

1. Computation of Stability
Stabilization of the relative motion over short time spans does

not necessarily guarantee that the motion of the spacecraft will be
stableover longer time spans.Technicalconditionsfor which such a
time periodic system may be stable are discussed in greater detail in
Ref. 16; however, even if thesemathematicalconditionsare de� nite,
they will not be easily applied to the current system, where we have
fully general motion in three dimensions de� ned numerically and a
linear map that changes signi� cantly with time. The stability of the
system can be evaluated, however, by application of Floquet theory
and numerical integration.

The algorithmthatwe apply to evaluatestability is as follows.The
periodicorbitand its accompanyingstate transitionmatrix,modi� ed
by introductionof the stabilizationcontrol, is numericallyintegrated
over one period of motion. At each time step, the spectrum of the
open-loopsystem is computed and fed into Eq. (33).The gain G is a
constantfree parameterthat is speci� ed at the startof the integration.
The modi� ed, time-varying matrix QA.t/ used in the state transition
matrix computation is

QA.t/ D

"
0 I

Vrr .t/ ¡ ¾ .t/2G
£
uC.t/uC.t/T C u¡.t/u¡.t/T

¤
2!J

#

(34)

The resulting state transition matrix is denoted Q8.to C t; to/, and
the monodromy matrix evaluated over one period of motion is
Q8.to C T ; to/. The minimum computation, then, consists of the in-
tegration of the periodic orbit (6 equations) plus the integration of
the modi� ed state transition matrix (36 equations).The integration
was performed using a variable step size RK78 algorithm, with er-
ror control applied to the entire set of 42 equations. As the gain
is increased, it is the numerical integration of Q8 that controls the
step size choice, and, hence, it is most convenient to carry along
the computation of the periodic orbit because it and the spectrum
of its local motion will then be evaluatedat the appropriate time for
inclusion in the Q8 computation. This is found to be simpler than
precomputing and storing the periodic orbit and its local stability
characterization.

The stability of the closed-loop system can then be evaluated by
computing the eigenvalues¹ of this map (the monodromy matrix):

j¹I ¡ Q8.to C T ; to/j D 0 (35)

As is well known, these eigenvalues must occur in complex conju-
gate pairs and in inverse pairs, meaning that for every eigenvalue
¹, its complex conjugate N¹ and its inverse ¹¡1 must also be eigen-
values. Stability of this system occurs when all of the eigenvalues
have unit magnitude, that is, reside on the unit circle in the complex
plane and, thus, have the form ¹ D e§i µ . Conversely, an unstable
map will either have a pair of multipliers along the real axis, of the
form§.½; 1=½/, or will have a foursomeof complexmultipliersthat
lie off of the unit circle and have the form ½e§i µ , .1=½/e§i µ . Either
of these modes will lead to exponentiallyunstable relative motion.

2. Stability as a Function of Gain
As formulated, there is only one parameter for the controller, the

gain constant G , and as this constant is increased, the stability char-
acteristicsof the monodromymatrix Q8.T / changes.For valuesof G
when the monodromy matrix is stable, the space of all relative mo-
tions can be found by computing the characteristicfrequenciesand
eigenvectors of the matrix. Motion under this map will, in general,
lie on quasi-periodic tori surrounding the periodic orbit, similar to
motion in the center manifold of a halo orbit, but with additional
frequencies and elimination of instability concerns. Note that this
controlalso eliminates the unity eigenvaluesthat give rise to “down-
track” errors because the feedback control acts as a time-periodic
forcingsystemthat destroysthe Jacobi integral,which, in turn, elim-
inates the unity eigenvalues.To give insight into the stability of this
motion, we have evaluated the characteristics of the monodromy
matrix for our orbit as G is increased. In Figs. 3 and 4 the Floquet
multipliers are presented in the complex plane for varying values of
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gain and their magnitudes are plotted as a function of gain, respec-
tively. In Table 1, the stability of the system as a function of gain is
summarized.

For G < 1:17, the controllaw has insuf� cientauthorityto stabilize
the local motion at every instant along the periodic orbit, meaning
that there are time intervals where the spectrum of QA.t/ is not com-
pletely stable. We note that the monodromy matrix is also found
to be unstable for this situation. Only for values of G > 1:17 is the
instantaneousmotion stable over the entire periodicorbit. However,

Table 1 Stability of the nominal halo orbit under the control

Gain Stability Description

<1:17 No Local dynamics not stable over the orbit
1:17 < G < 2:19 No Local dynamics stabilized,

but full orbit is not
2:19 < G < 3:47 Yes First interval of stability
3:47 < G < 5:21 No Single and double resonances

with the orbit period
5:21 < G < 5:92 Yes
5:92 < G < 6:10 No Self-resonance between oscillation modes
6:10 < G Yes Except for small intervals of self-resonance

Fig. 3 Floquet multipliers of the controlled periodic orbit plotted on
the complex plane.

Fig. 4 Magnitude of the Floquet multipliers of the controlled periodic orbit as a function of the gain; for G < 2.19, there are always some multipliers
not equal to one.

stabilityof the localmotiondoesnotguaranteestabilityof the mono-
dromy matrix, and, in fact, we � nd that the monodromy map does
not become stable until the gain G reaches a value of 2.19.

In general, the periodic orbit is stable for values of G greater
than 2.19, but there are signi� cant exceptionscorrespondingto res-
onances between the oscillationmodes and resonanceswith the pe-
riodic orbit period. However, in analogy to the Mathieu equation,as
thegainbecomes larger, the size of these instabilityintervalsbecome
small. The � rst interval of instability occurs for G 2 [3:47; 5:21],
which corresponds to single and double resonanceswith the orbital
period and results in one pair of multipliers of the form ½1, 1=½1

and another of the form ¡½2 and ¡1=½2 (visible in Fig. 3). The next
interval of instability occurs for G 2 [5:92; 6:10], where two of the
modes have a resonance, one having twice the period of the other,
resulting in a complex set of four multipliers.

We note that the magnitude of the multipliers within these in-
tervals of instability are “small,” the maximum multiplier in the
aforementioned intervals being less than 1.1 over one orbit period
(correspondingto a characteristic time greater than � ve years). This
is especiallysmall as compared to the original instabilityof the peri-
odic orbit,which had a characteristictime of 23 days. In many cases,
these instabilities would not appreciablyhamper the use of this rel-
ative control. Moreover, such intervals of instability are expected
and, in general, correspond to the eigenvalues of the monodromy
map intersectingon the unit circle.As noted in Ref. 18, the presence
of complex eigenvalues on the unit circle does not imply nonlinear
stabilityof the relativeorbits, but it does assure us that any nonlinear
instabilitieswill not grow exponentiallyin time, but will only grow,
at most, as a polynomial in time. For practical considerations, this
implies that such instabilities should be controllable by standard
navigation practices.

Note that for this stabilization control to work on our halo or-
bit, both the unstable and stable manifolds must be present in the
feedback loop. A feedback loop that only cancels the local unstable
manifold does not stabilize the orbit for any value of gain.

3. Characteristics of the Center Manifolds
Note that the stability structure of our stabilized periodic orbit is

different than is usuallyfound for time-invariantsystems.Generally,
every periodic orbit in a time-invariant system has an oscillation
mode with period equal to the periodic orbit, leading to a pair of
unity eigenvalues. This can be directly related to the existence of
the Jacobi integral for time-invariant Lagrangian systems. In our
controlled system, these unity eigenvalues do not exist, however,
because the feedback control essentiallychanges the force structure
of the system, creatinga time-periodicsystem. Such systems do not
have a Jacobi integral, and, thus, our stabilizedperiodicorbit has no
eigenvalues identically equal to unity.
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Thus, for the case of a completely stable monodromy matrix,
there are three pairs of eigenvalues, each pair characterized by an
angle µi ; i D 1; 2; 3, measured on the unit circle.18 This angle de-
notes the total winding angle of the mode about the periodic or-
bit, modulus 2¼ . Taken together, they de� ne a quasi-periodicorbit
with three seperate “average” periods over one halo orbit period.
For the general characterizationof these oscillation modes, we can
consider the angles to be functions of time along the orbit µi .t/,
with their � nal values computed from the monodromy map being
µi D mod[µi .T /; 2¼ ]. Unfortunately, there is no direct way to ex-
tract µi .t/ from the numerically computed monodromy map. (See
Gómez and Mondelo5 for a discussion of how these angles can be
computednumerically.)This is an item of interest,however,because
the frequencyof these stable motions will change with the gain con-
stant G and can be much larger than the periodic orbit frequency,
meaning that a spacecraft having motion along one of these modes
can encircle the periodic orbit many times over one period. Thus,
de� ning and computing these mean frequenciesis of practical inter-
est for the relativemotion. Ideally,we can compute these oscillation
frequencies as

N!i D µi .T /=T (36)

N!i D 2¼ Ni C µi (37)

We � nd that the winding number Ni can be estimated from the time
history of the spectrum of the state transition matrix Q8 by count-
ing the positive real axis crossings of the stable modes; however,
this approach is not always well-de� ned because the intermediate
spectrum of the matrix is not always stable. A different approach to
this computationthatworks when the numbers Ni become relatively
large is to estimate the angle µi .t/ by performing the quadrature

Qµi .t/ D
Z t

0

Q!i .t/ dt (38)

where the frequency Q!i .t/ is de� ned as an instantaneouscharacter-
istic frequency of the linear matrix QA.t/, which has been stabilized
by applicationof our control law. We � nd that reasonableestimates
of the mean frequency of the stable modes of the relative motion
can be found from this quadrature. Improvements to this approach
will be investigated in the future.

As the gain of the control loop increases, the mean oscillation
frequenciesof the system N!i change,as notedearlier.For our system,
one of these mean frequencies remains relatively constant and is
consistently less than the periodic orbit frequency (2¼=T ). This
oscillation mode is associated most strongly with “out-of-plane”
motionalongthe z axisof the systemand is relatedto the initialstable
oscillation mode of the uncontrolled relative motion. Although the
control loop does in� uence this stable oscillation mode, it never
causes it to stray far from its original value.

Conversely, the mean frequency of the other two oscillation
modes increase, in general, as the square root of the gain G. One
of these modes originates from the original open-looposcillationof
period T , whereas the other is created when the closed-loopcontrol
removes the hyperbolic manifolds. By speci� cation of the control
gain G, the dynamics of the relative motion can be changed. For
large values of G, these mean frequencies are approximately equal
to ¾

p
G and ¾

p
G=2, where ¾ » 4:7 £ 10¡7/s is the characteris-

tic exponent of the open-loop unstable periodic orbit. In terms of
oscillation period for the relative motion, these are approximately
154=

p
G days and 309=

p
G days for our orbit (assuming G À 1).

A second item of interest is the orientation of these center man-
ifold orbits in space. An approximate description of these can be
evaluated by computing the eigenvectorsof the controlled instanta-
neous linear map QA.t/ de� ned in Eq. (34).The error associatedwith
this approximationhas been shown to be reasonable17 and provides
an explicit computation of the osculating orbit plane that motion
on the center manifold will follow. Figure 5 shows the linearized
motion corresponding to the two fast center manifolds relative to
the halo orbit over one halo orbit period. These osculating linear
ellipses are plotted every 10 days and correspond to a gain G D 10.
The period of motion on these ellipses is on the order of 50 and
100 days, respectively. Figure 6 shows the inclination and node of

Fig. 5 Plots of the two high-frequency osculating linear ellipses in the
center manifoldabout a stabilized periodic orbit; the ellipses are shown
relative to a movingpoint on the halo orbit in the Earth–sun � xed frame
of the Hill problem and are plotted every 10 days over the orbit period.

a)

b)

Fig. 6 Plots showing the plane orientation of the osculating linear el-
lipses of the center manifoldover one halo period relative to the rotating
Earth–sun frame: a) inclination of the orbit planes and b) node angle of
the orbit planes.
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a)

b)

c)

Fig. 7 Controlled trajectory and halo orbit projected into a) x–y plane,
b) x–z plane, and c) y–z plane; control gain of 10 is appliedwith an initial
position offset of 1 ££ 105 km.

a)

b)

c)

Fig. 8 Controlled trajectory and halo orbit projected into a) x–y plane,
b)x–z plane, andc)y–z plane;controlgainof 100is appliedwith an initial
position offset of 1 ££ 105 km.
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these linear solutions for each of the center manifoldmodel (relative
to the rotating Earth–sun line).

4. Stability of Nonlinear Motion
Now that the linear stability of the control law for our halo orbit

has been establishednumerically,it is of interest to verify that it can
stabilize a nonlinear trajectoryabout a periodic orbit. To verify this,
we apply the control accelerationgiven in Eq. (30) to the full equa-
tionsof motionof a spacecraftin Eqs. (1–3).The initialconditionsof
this motion are denotedas an offset from the initial conditionsof the
periodicorbitat the initial time, and the relativepositionbetween the
trajectoryand the periodicorbit, neededfor the control, is computed
as the vectordifferencebetween the two solutionsat each moment in
time. This formulation is entirely consistent because the computed
difference is equivalent to the measured relative difference, and the
local stability computations are based on the periodic orbit, which
can, in principle, be computed onboard the controlled spacecraft.

To push the control law to a somewhat extreme condition, we
gave the spacecraft an initial position offset from the periodic orbit
of 1 £ 105 km with gainsof 10 and 100.The resultingtrajectoriesare

Fig. 9 Nonlinear and linear trajectory computations relative to the
periodic orbit, projected into the y–z plane; control gain of 10 is applied,
with an initial position offset of 5 ££ 105 km.

Fig. 10 Control acceleration time history for two trajectories, each with an initial offset of 700 km.

shown in Figs. 7 and 8. Each of these trajectories is integrated over
400 days, which is more than two periods of the periodic orbit. We
note thatour control law is able to maintain the stablerelativemotion
over this time frame. Note that the computationof the periodicorbit
itself over this length of time is nontrivial, due to the strength of its
instability.

We also note that the control law is being applied in a region
where nonlinearitiesdominate the system. In Fig. 9, we show a plot
of the motion relative to the periodic orbit for a case with an initial
position offset of 5 £ 105 km and control gain of 10, projected into
the y and z coordinate planes. Also shown is the linear solution
to Eq. (33), started with the same value of offset, but obviously
following a different trajectory as compared to motion in the “real”
system. This gives an indicationthat our control law remains robust
when the relative motion can no longer be approximated by the
linear equations of motion.

V. Implementation
Now that we have shown that our control law stabilizes the peri-

odic orbit and is robust when applied to fully nonlinearmotion, it is
necessary to compute the thrust needed to apply the control prop-
erly. The scenario we propose here consists of a spacecraft � ying
in a stabilized trajectory about a nominal periodic orbit. We only
concentrate on the control of the relative motion. In our computa-
tions, we keep track of the total 1V expended by performing the
quadrature

1V .t/ D
Z t

0

jTc j dt (39)

The actual time history of the instantaneousthrust and accumulated
1V changes as the gain and initial conditions are varied. Figure 10
shows the computed time histories for the control accelerations.An
estimate of the necessary thrust level at any instant can be given by
the relation

Tc » 2¾ 2G R (40)

where R is the amplitude of the relative motion of the space-
craft, ¾ » 4:7 £ 10¡7/s is the characteristic exponent of our peri-
odic orbit, and G is the control gain. Thus, the thrust will scale as
0:44G R nm/s2 .

To apply a gain of 100 (oscillation periods of 15 and 31 days),
with a relativeconstellationsizeof 1000km, requiresan acceleration
of 44 ¹m/s2 . For a 1000-kgspacecraft,this translatesinto a thrust of
44 mN. For a low-thrust ion engine with a characteristicvelocity of
30 km/s over a 1-year mission, the resulting mass fuel fraction used
is less than 5%.
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In the context of our proposed application,a “central” spacecraft
might be in orbit along the unstable halo orbit, with its trajectory
controlled using traditional navigation methods (or perhaps using
our proposed control). The formation would then consist of space-
craft in neighboring orbits, each using the proposed control law to
modify their motion relative to the central spacecraft. To success-
fully apply the control law, the position of each spacecraft must be
measured relative to the central spacecraft. The radial distance and
radial rate can be measuredwith a rangerand Dopplerextractor.(We
assume near-continuouscommunication between the spacecraft in
support of their scienti� c mission.) If multiple receivers are placed
on the spacecraft, the relative orientation of the spacecraft can be
determined, and, by processing the inertially measured attitude, the
relative position of the spacecraft can be determined at each mo-
ment. Additionally, the instantaneousunstableand stable manifolds
of the central spacecraft can be easily computed, yielding all of the
necessary information to compute and apply the feedback control
law. In Ref. 19, it was found that the orbit uncertainty of a single
spacecraft in an unstable halo orbit tended to be minimized along
the local stable and unstable manifolds of the trajectory. A similar
result for the relative orbit determination between two spacecraft
would support the potential feasibility of our proposed approach to
trajectory control.

VI. Conclusions
This paper analyzesthe controlof relativemotion about an unsta-

ble periodic halo orbit about an Earth–sun libration point. A feed-
back control law is proposed that can stabilize this relative motion,
creating a six-dimensional center manifold within which a space-
craft (or a formation of spacecraft) can orbit. The oscillationperiod
of the controlledtrajectoryabout the nominalorbit can be controlled
by adjusting a single gain, generating relative motion that winds
around the orbit many times over one halo orbit period. The control
law is based on computing the “local stability”characteristicsof the
nominal motion and extends naturally to general trajectories. We
show that the fuel costs of the control are reasonable and that the
control could be implementedusing a low-thrust propulsiondevice.

Appendix A: Region of Validity in the Hill Problem
The controller is only de� ned for systems whose instantaneous

dynamics matrices A.t/ have a particular structure, one pair of real
eigenvaluesand two pairs of imaginary eigenvalues.Given the form
of A

A D

"
0 I

Vrr 2!J

#

we can show that its eigenvalueequation has the form

j¸I6 £ 6 ¡ Aj D
­­̧2 I3 £ 3 ¡ 2!¸J ¡ Vrr

­­

which can be expanded as

¸6 C b¸4 C c¸2 C d D 0 (A1)

By changingthe variable to 3 D ¸2, we � nd a simplecubicequation:

33 C b32 C c3 C d D 0 (A2)

For our control to be de� ned, this polynomial must have one pos-
itive and two negative roots. To � nd conditions on the polynomial
coef� cients, we use two results from the theory of equations. First,
for all of the roots to be real and distinct, the discriminant of the
equation 1 must be greater than zero20:

1 D b2c2 C 18bcd ¡ 4c3 ¡ 27d2 ¡ 4b3d > 0 (A3)

Second, to investigate the signs of roots we use the Descartes rule
of signs:

The number of positive roots of an equationwith real coef� cients
either equals the number S of variations of signs in the series of
coef� cients or is less than S by an even integer.

To apply these results, we must evaluate the coef� cients in our
cubic polynomial. First, we compute Vrr , the second derivative of

potential energy with respect to r . Before performing this com-
putation, we take advantage of the special structure that the Hill
equations have and rescale them to remove all parameters, yielding

V D 1=r C 1
2 .3x2 ¡ z2/ (A4)

Vrr D ¡.1=r 3/I C .3=r 5/rr C 3OxOx ¡ OzOz (A5)

Carryingout the computationsyields the coef� cients of Eq. (A2),

b D 4 ¡ .vx x C vyy C vzz/ D 2 (A6)

c D vx x vyy C vyy vzz C vx x vzz ¡ v2
x y ¡ v2

yz ¡ v2
x z ¡ 4vzz (A7)

d D ¡jVrr j (A8)

where vi j ; i; j D x; y; z, are the elements of matrix [Vrr ].
When the Descartes rule of signs is followed, because b > 0,

our conditions for one change of sign are satis� ed if d < 0, that is,
the determinant of Vrr must be greater than zero. Thus, we must
determine regions where both jVrr j > 0 and 1 > 0 are satis� ed. We
� rst consider the condition jVrr j > 0. In particular, we look at this
condition in the planes z D 0, y D 0, and x D 0.

For the XY plane, set z D 0, then r 2 D x2 C y2, x=r D cos µ , and
y=r D sin µ . Then we � nd that the condition jVrr j > 0 reduces to

¡2 ¡ 3r 3 C 9r 3 sin2 µ < 0 (A9)

or

r 3 < 2=.9 sin2 µ ¡ 3/ (A10)

sin2 µ < .2 C 3r 3/=9r 3 (A11)

When µ D §90 deg, jyj D r < 0:69. When r ! 1, the boundaries
lie along the asymptotes with µ D §35:26 and §144:74 deg. See
Fig. A1a for a plot of these regions.

For the X Z plane, set y D 0, then r 2 D x2 C z2 , x=r D cos µ , and
z=r D sin µ . Then the condition jVrr j > 0 reduces to

¡3r 6 C .12 sin2 µ ¡ 5/r 3 ¡ 2 < 0 (A12)

When µ D §90 deg, jyj D r > 1:26 or jyj D r < 0:69. When
¡65:26 < µ < 65:26 deg, or 114:74 < µ < 245:26 deg, the condi-
tion is valid everywhere. See Fig. A1b for a plot of these regions.

For the Y Z plane, set x D 0, then r 2 D y2 C z2 , y=r D cos µ , and
z=r D sin µ . Then the condition jVrr j > 0 reduces to

.¡2 C r 3 ¡ 3r 3 cos2 µ/[¡.1=r 3/ C 3] > 0 (A13)

or
8
>><

>>:

r < 0:69; ¡2¼ < µ < 2¼

µ D §90 deg; jyj D r > 1:26

r ! 1;

»
122:26 > µ > 57:74 deg

¡122:26 < µ < ¡57:74 deg (A14)

See Fig. A1c for a plot of these regions.
In our speci� c problem, we are interested in applying the control

to a trajectory in the vicinity of the libration points in the Hill prob-
lem. Thus, in Fig. A1d, we also showa cross sectionof the Y Z plane
at the value x D .1=3/.1=3/ » 0:69, which is the equilibriumpoint lo-
cation in the normalized Hill problem. We note that the orbit we are
interested in is clearly contained within the applicable region.

For the constraint on discriminant 1, 1 > 0 was evaluated nu-
mericallyand found to be satis� ed whenever jVrr j > 0 was satis� ed.
Thus, the controlling condition on our system is jVrr j > 0, and an
analytical discussion of the regions where 1 > 0 is not needed.

From our discussion, we see that our control law is valid around
the libration points in the Hill problem. In terms of our physical
problem, we see that the valid area for our control is de� ned by the
determinant of the Vrr matrix being positive.
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a)

b)

c)

d)

Fig. A1 Regions where jjVrrjj >0 projected into a) x–y plane with z = 0, b) x–z plane with y = 0, c) y–z plane with x = 0, and d) y–z plane with x = (1/3)1/3;
libration points are located at x = §§(1/3)1/3 » §§0:69.

Appendix B: Stabilization of Hyperbolic
Unstable Systems

We � rst considerstabilizationof a simple,one-degree-of-freedom
hyperbolic unstable motion. The generic form for this case is

Rr ¡ ¾ 2r D 0 (B1)

where ¾ is the characteristicexponentof the unstable system. In this
case, an intuitively obvious stabilization is to apply a position feed-
back acceleration of the form ¡Kr , yielding the modi� ed system

Rr ¡ .¾ 2 ¡ K /r D 0 (B2)

Then the condition for Lyapunov stability is K > ¾ 2 , or, rewriting
as K D ¾ 2G, the stability condition becomes G > 1. This simple
result motivates us to scale our feedback gain by the square of the
local characteristic exponent.

Next, consider the application of our control scheme to an un-
stable hyperbolic point in a rotating two-degree-of-freedomframe.
The open-loop dynamics are speci� ed by the linear equation
µ

±x 00

±y 00

¶
¡ 2!

µ
0 1

¡1 0

¶ µ
±x 0

±y0

¶
¡

µ
Vx x Vx y

Vx y Vyy

¶ µ
±x

±y

¶
D 0 (B3)

The characteristic equation for this system is

¸4 C
£
4!2 ¡ Vx x ¡ Vyy

¤
¸2 C Vx x Vyy ¡ V 2

x y D 0 (B4)

For a singly hyperbolicunstable system, we can assume, in general,
that

Vx x Vyy ¡ V 2
x y < 0 (B5)

The hyperboliccharacteristicexponentsof the system are computed
from

¾ 2 D ¡ 1
2

£
4!2 ¡ Vx x ¡ Vyy

¤

C 1
2

q¡
4!2 ¡ Vx x ¡ Vyy

¢2 ¡ 4
¡
Vx x Vyy ¡ V 2

xy

¢
(B6)

which is guaranteedto be positiveif the inequalityin Eq. (B5) holds.
The correspondingeigenvectorswill be of the form

u§ D 1p
1 C u2

§

µ
1

u§

¶
(B7)

u§ D
¾ 2 ¡ Vx x

Vx y § 2!¾
(B8)
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u§ D
Vx y ¨ 2!¾

¾ 2 ¡ Vyy
(B9)

The control acceleration that is added to the left-hand side of
Eq. (B3) [correspondingto Eq. (34)] is

¾ 2G

2

6664

1

1 C u2
C

C 1

1 C u2
¡

uC

1 C u2
C

C
u¡

1 C u2
¡

uC

1 C u2
C

C
u¡

1 C u2
¡

u2
C

1 C u2
C

C
u2

¡

1 C u2
¡

3

7775

µ
±x

±y

¶
(B10)

Reforming the characteristic equation for this case yields

¸4 C
£
4!2 ¡ QVx x ¡ QVyy

¤
¸2 C QVx x

QVyy ¡ QV 2
x y D 0 (B11)

where

QVxx D Vx x ¡ ¾ 2G

µ
1

1 C u2
C

C 1

1 C u2
¡

¶
(B12)

QVyy D Vyy ¡ ¾ 2G

µ
u2

C

1 C u2
C

C
u2

¡

1 C u2
¡

¶
(B13)

QVxy D Vx y ¡ ¾ 2G

µ
uC

1 C u2
C

C
u¡

1 C u2
¡

¶
(B14)

For this system to be linearly stable, three conditions must be met:
£
4!2 ¡ QVxx ¡ QVyy

¤
> 0 (B15)

QVxx
QVyy ¡ QV 2

x y > 0 (B16)

£
4!2 ¡ QVx x ¡ QVyy

¤2 ¡ 4
£

QVx x
QVyy ¡ QV 2

x y

¤
> 0 (B17)

We note that condition (B15) can be rewritten as

4!2 ¡ Vx x ¡ Vyy C 2¾ 2G > 0 (B18)

which can be satis� ed for large enough G. Next, expanding condi-
tion (B16) results in

¾ 4G2.uC ¡ u¡/2 ¡ ¾ 2G
£¡

1 C u2
¡

¢©
u2

CVx x C Vyy ¡ 2uCVxy

ª

C
¡
1 C u2

C

¢©
u2

¡Vx x C Vyy ¡ 2u¡Vx y

ª¤

C
¡
1 C u2

C

¢¡
1 C u2

¡

¢¡
Vx x Vyy ¡ V 2

x y

¢
> 0 (B19)

Again, we see that G can be chosen large enough to guarantee sta-
bility, as long as uC 6D u¡. Finally, we note that condition(B17) can
be rewritten as

8!2
£
2!2 ¡ . QVx x C QVyy /

¤
C . QVx x ¡ QVyy/

2 C 4 QV 2
x y > 0 (B20)

which, on inspection, reduces to the suf� cient condition

2!2 ¡ QVxx ¡ QVyy > 0 (B21)

or, equivalently,

2!2 ¡ Vx x ¡ Vyy C 2¾ 2G > 0 (B22)

for which G can always be chosen large enough to stabilize.Should
this condition be true, then condition (B18) follows trivially. Thus,
we note that our proposed control law can always stabilize the hy-
perbolic unstable equilibriumpoint for large enough G. The attrac-
tivenessof this controller is that it has a natural speci� cation for our
time-varying system at each moment of time and depends only on
the estimate of relative position between the spacecraft and an esti-
mate of the position of the spacecraft on the nominal periodic orbit.

Note, if only the unstable manifold is nulled in the preceding
control, the stability condition for large gain reduces to

2uC Vx y ¡ u2
CVx x ¡ Vyy > 0 (B23)

where the assumption Vx x Vyy ¡ V 2
x y < 0 still holds. This condition

is not necessarily satis� ed and can be true or false dependingon the
values of the partials, meaning that control along the unstable man-
ifold is not always suf� cient.Thus, the stable manifold must also be
nulled in this system if the resulting control is to stabilize all local
motion for large enoughvalues of gain. This can also be understood
in the context of Hamiltonian systems. Assume we apply a control
that maintains the basic Hamiltonian structure of our problem and
that removes the unstable component of motion, but does not re-
move the exponentially stable component of motion. Then, due to
the Hamiltonianstructureof our system, theremust be an associated
exponentialunstablecomponentof the motion. Thus, any such con-
trol must remove both stable and unstable components of motion.
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